












swimming speed followed the insensitivity to body length exhibited
by the model. However, the scaling of our oscillatory frequency data
f≈L−0.5 does not agree with the f≈L−1.0 trend suggested by both the
St and oscillating cantilever models.
More specifically, we found a significant dependence on total

body length in the mean oscillatory frequency for an individual
whale of any species (d.f.=54; t=−6.69; P<0.001). The effect of
total length on the coefficient of variation of the oscillatory
frequency for an individual whale was not significant (d.f.=54;
t=−0.62; P=0.54) and, similarly, the effect of total length on the
median cruising speed for an individual whale was not significant
(d.f.=54; t=0.90; P=0.37).

DISCUSSION
The scale dependence of locomotor performance
Our measurements from baleen whales of varying body lengths
indicate that while oscillatory frequency decreases with body length
to the power of −0.53, cruising speed is largely invariant with body
length (to the power of 0.08). These results are broadly consistent
with previous studies for other swimming animals (Sato et al.,
2007), particularly endotherms (Watanabe et al., 2015). The
empirically derived oscillatory frequencies and cruising speeds
found in our investigation can inform studies attempting to model
these kinematic parameters across wide body length ranges
(Alexander, 2005; Vogel, 2008). Many studies have included
inexact measurements for large swimming animals or excluded
them completely from the modeling (Bejan and Marden, 2006;
Gazzola et al., 2014). The model put forth by Gazzola et al. (2014)
includes an average blue whale cruising speed of 6 m s−1 and a
resulting oscillatory frequency of 0.36 Hz. These values are roughly
triple what we found in the present study using empirical data for the
same species performing natural behaviors.

Our observed scaling exponent of−0.53, derived by least-squares
regression of f onto L, differs from that predicted by the two simple
scaling models. The cantilevered beam model (Eqn 7) – taking as
inputs constant values of E and I, and variable values of L and M –
predicts a scaling exponent of −1, nearly double what we observed.
We obtained the same exponent, −1, in the Strouhal model, which
takes as inputs a constant speed (2 m s−1), constant Strouhal number
(0.3) and the variable L. The fact that the observed exponent differs
from the predicted suggests that these whales are not operating as
simple cantilevered beams or as optimally oscillating vortex
generators. The cantilevered beam model lacks damping forces
that would reduce the predicted exponent. The Strouhal model
assumes optimal fluking based on efficient vortex shedding and
interaction. The apparent failure of these models points us toward
appropriate ways to complicate subsequent models through added
damping or relaxation of optimality constraints.

Our results corroborate previous controlled studies and lend
support for a set of hydrodynamic principles governing the
locomotion of free-swimming animals down to the level of an
individual stroke (Bainbridge, 1958; Fish, 1998; Kohannim and
Iwasaki, 2014). The difficulty of obtaining stroke amplitude
measures for our study animals is a limitation that precludes the
type of precise hydrodynamic analysis found in previous studies,
but the stroke amplitude determined from the tail-attached
deployment corresponds well with previous estimates of stroke
amplitude as one-fifth of body length (Bainbridge, 1958; Fish and
Rohr, 1999; Rohr and Fish, 2004). Although we lacked UAS-based
measures of the tail-attached animal, a calculation for our average
amplitude measure of 2.37 m suggests a total body length of
11.85 m. For comparison, the mean (±s.d.) body length for
humpback whales within our dataset was 11.09±1.81 m. Previous
studies have shown amplitude to be invariant with changes in
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forward speed, so the lack of amplitude measures for each stroke
does not considerably lessen our understanding of the animal’s
overall hydrodynamic scope (Bainbridge, 1958; Fish, 1998;
Kohannim and Iwasaki, 2014). Using the tail-attached
deployment, we also obtained the first empirical measurements of
Strouhal number for a large cetacean. These values fall near the
predicted range of St≈0.25–0.35 that has been shown to correspond
to high hydrodynamic efficiency (Anderson et al., 1998; Rohr and
Fish, 2004; Taylor et al., 2003; Triantafyllou et al., 1991).
Throughout the duration of this deployment, the animal transited

(moved steadily from one location to another) and performed a
single feeding lunge. Of all the behaviors performed by animals in
our dataset, transiting is most similar to the steady-state swimming
performed by animals in controlled, laboratory and aquarium
studies (Bainbridge, 1958; Fish and Rohr, 1999; Fish et al., 2014).
This could explain why the Strouhal number for this individual fell
so close to the theoretical optimum.

One of the common methods used to quantify the efficiency of
locomotor modes is calculating the cost of transport over a set
distance, either as a mass-specific or as an objective estimation
(Alexander, 1999; Schmidt-Nielsen, 1972; Watanabe et al., 2011;
Williams, 1999; Williams et al., 2014). Calculation of the cost of
transport typically requires an estimate of metabolic rate using
oxygen consumption or some other metric of metabolism (Schmidt-
Nielsen, 1972; Sumich, 1983; Williams, 1999; Williams et al.,
1993). Here, from first principles we predicted the forward speed at
which the energetic cost of transport is minimized. This is a
common optimization estimate and can be useful as a comparison
against measured speed (Alexander, 1999; Watanabe et al., 2011).
The results of our modeled optimum speed agree with previous
research showing that the preferred speed of many endothermic
swimmers is 1–2 m s−1 (Sato et al., 2007; Watanabe et al., 2011,
2015). The slight increase in observed swimming speed above our
modeled values could be due to increased behavioral variation
throughout the course of the deployment. Our optimum swimming
speed equation assumes that an animal is in a steady-state, non-
feeding locomotor mode. Conversely, our observed values include
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Table 2. Equations and R2 values calculated for each regression shown
in Fig. 6

Equation R2 value

Oscillatory frequency
All species observed ŷ=−0.53x−0.02 0.635
Humpback observed ŷ=−0.58x−0.01 0.444
Strouhal model ŷ=−1.0x+0.48 –

Cantilever beam model ŷ=−1.0x+0.86 –

Swim speed
All species observed ŷ=0.08x+0.21 0.013
All species optimum ŷ=0.07x+0.22 0.476
Humpback observed ŷ=0.05x+0.23 0.001
Humpback optimum ŷ=−0.02x+0.31 0.030

The R2 values for the Strouhal and cantilever beam models were
approximately 1 and, therefore, were not included.
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maneuvers and non-steady swimming related to feeding or other
ecologically relevant functions, many of which are being performed
above typical cruising speeds (Cade et al., 2016; Goldbogen et al.,
2006, 2011, 2012; Simon et al., 2012). Han et al. (2017) performed
a similar comparison between optimal and observed swimming
speeds in largemouth bass (Micropterus salmoides) and found the
opposite result. Bass routinely swam slower than their predicted
optimum for cost of transport. It was suggested by Han et al. (2017)
that other considerations may be prioritized in the wild for
largemouth bass, such as the need for slower speeds in order to
efficiently detect and capture food.

Conclusion
Our study is the first to quantify the kinematics of free-swimming
baleen whales over an order of magnitude in body length. Our
results for oscillatory frequency and cruising speed are more
accurate than previous models and show that, while oscillatory
frequency decreases with increasing body length, cruising speed
remains largely invariant. A model predicting the optimal
swimming speed aligned closely with the cruising speeds
observed in our study animals. Models predicated on Strouhal
number and an oscillating cantilever beam could not predict the full
variation in oscillatory frequency within our dataset, but a small
number of empirical measurements of the Strouhal number fell
within the range for high hydrodynamic efficiency. Major
deviations from theory may reflect the competing demands for
different locomotor functions during common behaviors such as
foraging.
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